The partition number π(K) of a simplicial complex K ⊂ 2 [m] is the minimum integer ν such that for each partition
Introduction
Unavoidable or more precisely 2-unavoidable simplicial complexes can be directly linked to some classes of simplicial complexes which (often independently) emerged and attracted attention of researchers in game theory, combinatorial topology, social choice theory, reliability theory, geometry of moduli spaces of polygonal linkages, and other areas. In topology [M03] they appear as the Alexander self-dual complexes, and provide key examples of n-dimensional complexes non-embeddable in R 2n . In social choice
The 'constraint method' of [BFZ] and [G10]
The method of 'Tverberg unavoidable complexes' or the 'constraint method', as introduced and developed in [BFZ] by Blagojević, Frick, and Ziegler, and earlier (in a less explicit form) by Gromov [G10] , has already proven to be a powerful and versatile method for generating statements of Tverberg type. Among the spectacular application of the method is the recent announcement [F] of a counterexample to the general non-linear Tverberg conjecture, see also the more detailed account . As it turned out, this step was already made by Gromov [G10, Section 2.9 ] who (on page 445), in the Section 2.9(c), outlined how 'the topological Tverberg theorem, whenever available, implies the Van Kampen-Flores theorem'.
In a seminal work [MW14, MW15] (see also the subsequent publications [AMSW, MW16] ) I. Mabillard and U. Wagner developed a version of 'Whitney trick' for eliminating global r-fold points and obtained first counterexamples to the Van Kampen-Flores theorem (when r is not a prime power).
This, in light of [G10] , led to the first counterexamples to the 'continuous Tverberg conjecture', although it appears that Frick [F] (unaware of [G10] ) was the first to disseminate the news to the larger combinatorial audience.
However, here we would like to emphasize that one of the key contributions of [BFZ] (the paper that served as a basis for [F] ) was the introduction of 'Tverberg unavoidable complexes' (see Definition 2.1 in Section 2). This concept and its far reaching and beautiful applications were our main motivation for introducing the 'partition number' π(K) and to explore the class of r-unavoidable complexes, as combinatorially interesting objects that deserve to be studied in their own right. complexity of the associated deleted join K * r ∆ (or deleted product K r ∆ ) evaluated by an associated equivariant index Ind ♯ G . This comparison is illustrated by the inequalities proved in Theorems 3.6 and 3.9. For example, a corollary of Theorem 3.6 (Corollary 3.7) says that there is an inequality,
where r = π(K) = p k is a prime power, G = (Z p ) k , and K ⊂ 2 [m] .
Our central result is Theorem 4.6. By summarizing and extending several results of Grünbaum, Sarkaria, Schild, Blagojević, Frick, Ziegler, as well as our own work, we demonstrate that many interesting examples of globally r-non-embeddable complexes can be found among the joins K = K 1 * . . . * K s of r-unavoidable complexes.
These observations and results provide additional evidence that the r-unavoidable complexes are an interesting class of combinatorial objects that deserve an independent study. In the final sections of the paper we outline and explore several schemes for generating such complexes. The picture is far from being complete and we plan to give a more detailed presentation of interesting examples of r-unavoidable complexes in a subsequent publication.
The invariant π(K) and r-unavoidable complexes
The following definition (Definition 4.1 in [BFZ, Section 4]) is central for the 'constraint method' or the method of 'Tverberg unavoidable complexes'. Definition 2.1. (Tverberg unavoidable subcomplexes). Let r ≥ 2, d ≥ 1, N ≥ r − 1 be integers and f : ∆ N → R d be a continuous map with at least one Tverberg r-partition. Then, a subcomplex Σ ⊂ ∆ N is Tverberg unavoidable if for every Tverberg partition {σ 1 , . . . , σ r } for f , there is at least one face σ j that lies in Σ.
As remarked in [BFZ, Section 4], the property of being 'Tverberg unavoidable' (as introduced in Definition 2.1) depends both on the parameters r, d and N, and on the chosen map f . However, the authors of [BFZ] emphasized that their main interest in that paper were the subcomplexes that are large enough to be unavoidable for any continuous map f .
In the following closely related Definition 2.2 we prefer to avoid any reference to a continuous map f : ∆ N → R d whatsoever, and in particular to the parameters d and N. As a consequence our definition is more general and our class of r-unavoidable complexes is probably larger than the original class of Tverberg unavoidable complexes. 
and the complex K is r-unavoidable then L is r-unavoidable as well. This is the reason why it may be sometimes useful to focus on 'minimal r-unavoidable complexes'.
The property of being r-unavoidable is an intrinsic, combinatorial property of the simplicial complex K. Here is a natural generalization.
In other words the condition (3) says that for each partition ⊎
into r non-empty sets, at least s of the sets A i belong to K.
Perhaps the most elegant way to introduce the r-unavoidable complexes is via the 'partition invariant' π(K). Note that by assuming K ⊂ 2
[m] we mean that Vert(K) ⊂ [m] and that this inclusion may be strict in general. 
Equivariant index and r-unavoidable complexes
In this section we establish a connection between r-unavoidable complexes and the equivariant index theory [M03,Ž04] .
For the reader's convenience we include the definition and outline the main properties of the modified (sharpened) numerical index function Ind
The sharpened index function agrees with the usual index function Ind G (as described in [M03] ) if G = Z p and has the merit to assign 'correct values' to some important spaces (spheres) with fixed point free (Z p ) k -actions.
As envisaged in [Živ98] , the equivariant index theory can be understood as a kind of complexity theory for G-complexes. It provides a source of 'Borsuk-Ulam' type results needed for the application of the Configuration space/test map scheme [Živ98,Ž04] and in this sense it can be used as a 'black box' for immediate applications in discrete geometry and combinatorics.
Abstract index theory in a nutshell
We are primarily interested in the category G-T op of G-spaces and G-maps where
α is an elementary abelian p-group. Before we construct the index function Ind ♯ G it may be useful to recall some basic ideas of 'abstract index theory'. Suppose that M = (Ob M , Mor M ) is a category and let S ⊂ Ob(M) be a set of objects in M. The S-index is by definition the set I S (x) := {c ∈ S | Mor M (x, c) = ∅}. The key (tautological) property of the index is that the existence of a morphism x → y in M implies I S (y) ⊂ I S (x). The converse is in general not true, however note that if y ∈ S then I S (y) ⊂ I S (x) implies y ∈ I S (x) and Mor M (x, y) = ∅.
Some of the central examples of index functions arise if
is referred to as the (numerical) S-index of x ∈ Ob M and by definition Ind S (x) = +∞ if I S (x) = ∅.
The
Let r = p α be a prime power and let G = (Z p ) α be an elementary abelian p-group. 
Proof: Let us assume, initially, that both m < r −2 and n < r −2, so by Definition 3.1 (n+1) . Since the relation [r] * (m+n+2) G −→ X holds for each (m + n)-connected G-complex X it must be true for X = A m+n+1 , which is precisely the relation (4).
In the general case
q 2 +1 there are two possibilities. If q 1 + q 2 + 1 < r − 2 then A m G * A n G ∼ = A m+n+1 G and the relation (4) is trivially satisfied. In the opposite case q 1 + q 2 + 1 ≥ r − 2 there exist decompositions,
for some G-complex Y . In this case (4) is again a consequence of one of the basic relations [r
The sequence {A n G} +∞ n=0 can be used, following the scheme outlined in Section 3.1, for the construction of a numerical index function Ind ♯ G defined on the category C G of G-simplicial complexes and G-equivariant maps.
Proposition 3.3. Let r = p α be a prime power and let G = (Z p ) α be an elementary abelian p-group. Let C G be the category of finite, not necessarily free G-complexes with G-equivariant maps as morphisms. Then the associated index function, defined on C G by the formula:
has the following properties.
(1) Ind
The reader familiar with [M03, Section 6.2.] should not have difficulties verifying most of the properties (1)- (9) of the function Ind ♯ G . For example (4) is a consequence of Lemma 3.2. One of the less obvious is the property (5) which incorporates a BorsukUlam type result of Volovikov (see [Vol96] or [M03, Section 6.2] ). Note that we can initially assume that X is a free, (n − 1)-connected G-complex. The function Ind G which appears in (9) is the 'usual index function', as described in [Živ98, M03,Ž04] .
The most important for applications is the property (7), known as the Sarkaria's (or Sarkaria-Živaljević [Živ98, M03] ) inequality.
where
Proof: The relation (6) is in light of (4) an immediate consequence of,
The following extension of Proposition 3.4 will be needed in the proof of Theorem 3.9.
k be an elementary abelian p-group. Suppose that P is a finite (not necessarily free) G-simplicial poset and let P 0 ⊂ P be its initial, G-invariant subposet. Let P 1 = P \ P 0 be the complementary subposet of P . Assume that D : P → T op is a G-diagram of spaces with G-action on D compatible with the action on P and let D 0 and D 1 be the restrictions of this diagram on P 0 and P 1 respectively. Then,
where E = hocolim(E) is the homotopy colimit of the diagram E.
3.3 Deleted joins of r-unavoidable complexes Theorem 3.6. Suppose that K is an r-unavoidable complex with vertices in [m] . Suppose that r = p k is a prime power and let G = (Z p ) k be an elementary abelian p-group acting freely on the set [r] . Let K * r ∆ be the r-fold (2-wise) deleted join of K. Then,
Proof of Theorem 3.6: We apply the 'Sarkaria's inequality' (6) (Proposition 3.4).
Observe that
is clearly monotone and G-equivariant, so it induces a G-equivariant map of order
Since Ind
, by the monotonicity of the index function we observe that, Ind (8) as an immediate consequence of the Sarkaria's inequality (6).
and the inequality
Example 3.8. The van Kampen-Flores theorem [M03, Theorem 5.1.1] says that the n-skeleton ∆ n 2n+2 of the (2n + 2)-dimensional simplex is not embeddable in R 2n . Here we deduce this result from Theorem 3.6.
The complex ∆ n 2n+2 is self-dual (minimally 2-unavoidable), hence by Theorem 3.6
3.4 Deleted products of r-unavoidable complexes Theorem 3.9. Suppose that r = p k is a prime power and let K be an r-unavoidable complex with vertices in [m] .
More generally, if K is (r, s)-unavoidable then,
Proof of Theorem 3.9: Let P be the face poset of the simplex ∆([r]) spanned by [r] as the set of vertices and let P 0 = {1} its one-element subposet where1 = [m] (the maximal element of P ). Let It is not difficult to see [Ž98, Section 3.4.] that the homotopy colimit of this diagram is the deleted join of K,
Moreover D 0 ∼ = K r ∆ is the deleted product of K. Let C : P 1 → T op be the constant diagram where C(A) is a one-element set for each A ∈ P 1 . The obvious map (morphism) of diagrams
By the monotonicity of the index function we conclude from (17) that Ind
Finally by the index inequality 3.5,
The second part of the proposition is proved similarly so we omit the details.
4
Almost r-embeddings and r-unavoidable complexes
Suppose that K is a finite simplicial complex and let X = |K| be the underlying topological space. A map f : X → R d is an embedding if it is 1-1. We say that f : |K| → R d is an almost embedding if f (∆ 1 ) ∩ f (∆ 2 ) = ∅ for each pair ∆ 1 , ∆ 2 of vertex disjoint simplices in K. In other words a map is an embedding (almost embedding) if it does not have a 2-fold (global 2-fold) point. It is natural to extend this definition to the general case of maps which do not admit (global) r-fold points. 
Isaac Mabillard and Uli Wagner opened a new chapter of the theory of almost r-embeddings by introducing and developing a version of 'Whitney trick' for eliminating global r-fold points. The following theorem was originally announced in [MW14] with the complete presentation given in [MW15] , see also [AMSW, MW16] for the subsequent development.
Theorem 4.2. (I. Mabillard, U. Wagner [MW14, MW15] ) Suppose that r ≥ 2, k ≥ 3, and let K be a simplicial complex of dimension (r − 1)k. Then the following statements are equivalent:
(ii) There exists a continuous map f :
The following result of MuradÖzaydin was never formally published but its preprint from 1987 was widely circulated. Theorem 4.2 and Theorem 4.3 together explain why it is in general necessary to assume that r = p k is a prime power in the Van Kampen-Flores type results. This will be one of our standard assumptions throughout all of Section 4.1.
The general Tverberg-Van Kampen-Flores problem Definition 4.4. (Cont. of Definition 4.1) We say that a simplicial complex K is globally r-non-embeddable in R d (or globally (r, d)-non-embeddable) if there does not exist a map f : |K| → R d without global r-fold points. The general Tverberg-Van KampenFlores problem is to find interesting examples of globally (r, d)-non-embeddable complexes and to study (characterize) the class T vKF (r, d) of all simplicial complexes which are globally r-non-embeddable in
The following theorem of G. Schild illustrates the importance of 2-unavoidable (selfdual) complexes for the instance r = 2 of the general Tverberg-Van Kampen-Flores problem. In the special case when K i are Van Kampen-Flores complexes ∆ n i 2n i +2 (Example 3.8) this result was proved by B. Grünbaum, so Theorem 4.5 is sometimes referred to as the Van Kampen-Flores-Grüunbaum-Schild non-embedding theorem. Sergey Melikhov [Mel11] discovered an interesting connection of this result (and its relatives) with the so called dichotomial cell complexes (dichotomial spheres).
It is clear that we can replace in Theorem 4.5 self-dual complexes by 2-unavoidable complexes. Indeed, the 2-unavoidable complexes which are minimal (in the sense that each proper subcomplex K ′ ⊂ K is not 2-unavoidable) are precisely the self-dual complexes. For this reason the following theorem is a direct generalization of Theorem 4.5 to the case of r-unavoidable complexes. 
Proof: The operation of the r-th deleted join commutes with the standard joins (see the proof of Lemma 5.5.2 in [M03] ) so there is an isomorphism,
If there exists an almost r-embedding f : K → R d then there is an associated S requivariant map,
The target space is
In light of the monotonicity property of the Ind ♯ G -index (Proposition 3.3, part (3)), it is sufficient to check the inequality,
We already know (Theorem 3.6) that Ind
Hence, in light of (21), it may be tempting to apply a result similar to the inequality (3) in Proposition 3.3. Unfortunately this inequality points in a 'wrong direction' and in general cannot be improved to the equality. For this reason we go back to the idea of the proof of Theorem 3.6 and use directly the Proposition 3.4 (Sarkaria's inequality).
By adding a 'slack index' we can see K j as a complex with vertices in [m j ] × {j} ⊂ N 0 × N 0 . Then (in light of (21)) a simplex A ∈ K * r ∆ can be described as a collection 
Moreover, there is monotone map (of ⊆-posets),
Together with the Sarkaria's inequality this implies,
This completes the proof of the theorem since the inequality (23) is an immediate consequence of (20) and (25). 
From Tverberg unavoidable to r-unavoidable
In this brief section we demonstrate that r-unavoidability is indeed a good combinatorial 'replacement' for the concept 'Tverberg unavoidable for f ' used in [BFZ] . More precisely the Theorem 3.9 (or its companion Theorem 3.6) are sufficiently strong to have as corollaries some of the key technical results obtained in [BFZ] by the 'constraint method'. 
is essentially the boundary of a simplex on r vertices. This is an immediate consequence of Theorem 3.9,
Remark 4.9. Lemma 4.1 from [BFZ] collects the key examples of 'Tverberg unavoidable complexes' which are 'large enough to be unavoidable for any f ', and which are sufficient for all applications in that paper. The authors actually prove that all these complexes are r-unavoidable in the sense of Definition 2.2. For the first three classes (i)-(iii) this is established by the (global) pigeonhole principle. It immediately follows that (i)-(iii) are examples of r-unavoidable complexes which are 'linearly realizable' in the sense of Definition 5.6. The example (iv) from [BFZ, Lemma 4.1] is not linear, however it is 'concavely realizable' (Definition 2.2), as shown in Example 5.8.
Generating r-unavoidable complexes
Theorem 4.6 opens the possibility of reducing the topological problem of finding interesting classes of globally r-non-embeddable complexes to the purely combinatorial question of constructing r-unavoidable complexes. Here we describe some general procedures for tackling this combinatorial problem. More generally a superadditive measure ν on 2 [m] is a non-negative function ν : 
Linearly realizable r-unavoidable complexes
More generally, if ν is a positive superadditive measure on [m] then the associated sub-level sets,
are also simplicial complexes. 
Proof: Let 1 = (1, . . . , 1) ∈ R m and 1 r = (1/r)(1, . . . , 1) = (1/r, . . . , 1/r). By assumption ν extends to a concave function ν : R m → R which implies the convexity of the set,
If
m → R be a linear function that separates convex sets C and D,
From the first inclusion in (30) we deduce that f (x) ≥ 0 for each x ∈ (R + ) m . Moreover f (1) = β > 0. By normalizing we observe that the probability measure µ = (α 1 , . . . , α m ) defined by µ, x = (1/β)f (x) has the properties claimed by the proposition.
By definition the normalized counting measure on X, supported by a finite set S ⊂ X is defined by µ X S (A) = |A ∩ S|/|S|. If S = X than we say that µ S S = µ S is the normalized counting measure on S.
Example 5.8. For a chosen pair of integers 1 ≤ p < q let µ 1 be the normalized counting measure on [q] and µ 2 the normalized counting measure on [q] supported by [p] . Let ν = Min{µ 1 , µ 2 }. Then the sub-level complex K ν≤1/r is r-unavoidable and by definition K ν≤1/r = K µ 1 ≤1/r ∪ K µ 2 ≤1/r . This example includes the 'Key example (iv)' from [BFZ, Lemma 4.1] as a special case. By Proposition 5.7 there exists a linearly realizable complex K ′ ⊂ K ν≤1/r . In other words the r-unavoidability of the complex K ν≤1/r can be established by a careful choice of non-negative weights on the set [m].
W H-realizable r-unavoidable complexes
'Weighted hypergraph' realizable or W H-realizable r-unavoidable complexes is a class of complexes considerably larger then the class of linearly realizable complexes. Here again we use a weight distribution but the weights may be associated to sets which are not necessarily singletons. A hypergraph F ⊂ 2 . Then for each weight distribution ω : F → R + the associated superadditive measure ν ω is additive and we recover the class of linearly realizable, r-unavoidable complexes introduced in Section 5.1.
In light of Example 5.12 it is quite natural to ask for examples of W H-realizable, runavoidable complexes which are not linearly realizable. It is quite clear that this class is considerably bigger than the class of linearly realizable complexes. The following proposition shows that this is true already in the case of 2-unavoidable complexes.
Proof: Let F = 2 [m] be the collection of all subsets of [m] . Define the weight distribution ω = ω K : 2
[m] → R + by, ω(A) = 0 (respectively 1) if and only if A ∈ K (respectively A ∈ K c ).
Since K is self-dual, for each B ⊂ [m] either B ∈ K or B c ∈ K (but not both). It follows from here that ν ω = ω and in turn K = K ω=0 = K ω≤1/2 . Proposition 5.14. Suppose that for a given F ⊂ 2
[m] and a weight distribution ω :
Proposition 5.14 is elementary however it has some important consequences. The following corollary suggests that there is an increasing hierarchy of W H-realizable, runavoidable complexes. In particular, for a given r-realizable complex K, it may be desirable to find its (F , ω)-realization with F of the smallest size (or minimizing some other complexity). 
Other classes of r-unavoidable complexes
Here we describe a procedure for generating non-realizable, r-unavoidable simplicial complexes based on Ramsey's theorem and its relatives. The method is quite general and links in an unusual way topological combinatorics with Ramsey theory. The following example explains 'in a nutshell' the central idea of the construction.
Example 5.16. The simplest Ramsey type theorem says that for each graph Γ on six vertices either Γ or its complement contain a triangle as a subgraph (triangle = clique with three vertices).
We describe a non-realizable 2-unavoidable complex L on the set V =
[6] 2 of all 2-element subsets of [6] . By definition S ⊂ V is in L if and only if there is a triangle in the complement of S. It is clear that L is a simplicial complex. Moreover, Ramsey's theorem R(3, 3) = 6 implies that L is 2-unavoidable.
Let us show that this complex is non-realizable. Suppose that each edge {i, j} ∈
[6] 2 is associated a variable x i,j (where i = j and x i,j = x j,i ). For contradiction suppose that the complex L is realizable, meaning that there exists a system of non-negative weights µ = (x 1,2 , x 1,3 . . . , x 5,6 ) such that i<j x i,j = 1 and K µ<1/2 ⊂ L. It follows that if S / ∈ L then (i,j)∈S x i,j ≥ 1/2. Figure 5 .16 on the left displays a graph without triangles which means that the complementary graph (on the right) is not in L. In particular, x 1,3 + x 3,5 + x 1,5 + x 2,4 + x 4,6 + x 2,6 ≥ 1 2 .
By the same argument we have for each permutation π : [6] → [6] the corresponding inequality,
x π 1 ,π 3 + x π 3 ,π 5 + x π 1 ,π 5 + x π 2 ,π 4 + x π 4 ,π 6 + x π 2 ,π 6 ≥ 1 2 = 1 2 1≤i<j≤6 x i,j .
This is a contradiction since by averaging inequalities (33) over all permutations of [6] we obtain the inequality 6/15 ≥ 1/2. Figure 1: A maximal graph without triangles and its complement.
Suppose that P is a graph property which is monotone in the sense that if Γ ∈ P and Γ ⊂ Γ ′ then Γ ′ ∈ P . For example 'having triangles' (or cliques of given size) is such a property. If the set of vertices is fixed, we frequently identify a graph with its set of edges.
Definition 5.17. Choose r ≥ 2 and denote by [n] 2 the set of all 2-element subsets of [n] . We say that an integer n is (P, r)-admissible if for each partition (coloring)
into r disjoint sets, for some i the graph ∪ j =i A j has the property P .
For example if P is the property that the graph has a clique of size k then n is (k, r)-admissible if for each coloring (34) there exists a set C ⊂ [n] of size k such that is colored by at most (k − 1) colors (at least one of the colors is missed). The following proposition extends the idea of Example 5.16 to the case of runavoidable complexes.
Proposition 5.18. Suppose that n is (P, r)-admissible. Let L be the simplicial complex defined on the set V = of L then at least one of the sets ∪ j =i A j has the property P (Definition 5.17) which means that the corresponding A i ∈ L.
Remark 5.19. It is expected that the r-unavoidable complexes described in Proposition 5.18 are often non-realizable. Indeed, in the opposite case we would be able to prove Ramsey type statements by a simple counting argument (using a system of non-negative weights x i,j on edges {i, j}).
Concluding remarks
The presentation of different classes of r-unavoidable complexes in Section 2 is introductory and serves to illustrate some of the natural constructions and important classes of these objects. A more detailed presentation is postponed for a subsequent publication where we also plan to include a 'topological analysis' of related objects and constructions used in social choice theory and game theory.
